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1. Bai toan tong quat 1. 

Cho cac so thuc a t ,a 2 ,...a n e D thda man 

g(a l ) + g(a 2 ) +... + g(a n )>(<)n.g(j3) voi so thuc p e D . 
Chung minh rang: 

f(a i) + f(a 2 ) +... + f(a n ) > ( <)n.f(fi). 


De giai bai toan nay ta can bieu dien f{a) qua g(a.),i = 1,2 nen ta xet ham 
so h(t) = f(t) + ag{t),\/t e D. So a duac xac dinh sao cho ham so h{t) dat cue 

fXP) 


tieu (hoac cue dai) tai t 0 = P thi h\JT) = 0 va suy ra a = — 


gXP) 


Vi du 1. Cho a,b,c >0 va a + b + c = 1. Chung minh rang a 3 + b 3 + c 3 > —. 


Nhan xet. Tie gia thiet ta thay dang thuc xay ra khi a = b = c = - va BDT can 

chung minh co dang f(a) + f(b) + f(c)>^. Trong do f(t) = t 3 ,t^( 0;l) va 

/'(1/3) 1 , , ,,. ... , 

g(t) = t, khi do a = -- —-— = — nen ta co Ion giai nhu sau. 

g'(l/3) 3 


LM giai: 


Xet ham so y = t 3 --t voi t e (0;1). 

Taco v' = 0<^3/ 2 -- = 0<^/ = -. 

3 3 


Bang bien thien 



2 ,1 2 ,12 

v > - <5>t — 1> - ot >—t -voi te(0;l) 

27 3 27 3 27 


Tu do suy ra: 
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3 1 2 

a > —a -; 

3 27 

b 3 >-b- — ■ 

3 27’ 

3^1 2 

c >—c - 

3 27 

voi a,b,cG (0;1) 

Cong ve theo ve 3 bat dang thuc nay lai vai nhau ta co 

a 3 + b 3 + c 3 >-(a + b + c) - — = —. 

) 27 9 


1 


Dau bang xay ra khi a = b = c = ~. Vay ta co dieu phai chu’ng minh. 


3 

Vi du 2. Cho a,b,c > — — va a + b + c = 1. Chung minh rang 
a , b , c k 9 


a 2 +1 b 2 +1 c 2 + 1 — 10 

(Vo dich Toan Ba Lan 1996) 


Nhdn xet. 

Tic gia thiet ta thay a,b,c£ 


3 5 
_ 4’2 ’ 


dang thuc xay ra khi a=b = c = - 


vd BDT 


9 

can chung minh co dang f(a) + f ( b) + /(c) < —. 
x [ 3 51 

Trong do f(x) = — -- va g(x) = x, khi do a = 

x'+l [ 4 2J 

ta co l&i giai nhu sau. 


/'(1/3) 18 . 

J ’ =-we; 

g'(l/3) 25 


Loi giai: 
Xet ham so: 


Ta co 



18 

— x voi xG 


y' = 0<^ 


1 —x 2 

(x 2 +!) 



_3.5 
4 ’ 2 ' 



Bang bien thien 
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— 50 ^ jc 2 +1 25 * — 50 x 2 +1 ~ 25 " ' 50 


-<—xH-voi jg 


_3.5 
4’2 ' 


Tu’ do suy ra: 


a 18 3 , 

a 2 + l _ 25 a+ 50’ 

Z? H-1 25 50 

c 18 3 

—z -< —c H- 

c +1 — 25 50 

, f 3 5l 
vai a,b,ce \—• 

[ 4 2] 

Cong ve theo ve 3 bat dang thu’c nay lai voi nhau ta co 

a b c 18, , \ 9 9 

- 1 —7 - 1 — -< —(a -\-b-\-c\-\ -— —. 

a +1 ^ 2 + l c +1 — 25 v 7 50 10 

Dau bang xay ra khi a = b = c = - . Vay ta co dieu phai chu’ng minh. 


Nhdn xet. 

Qua cac vi du tren ta thay cac bat dang thuc can chung minh deu co cac bien co 
tinh chat doi xung nen de dang nhan ra dau bang xay ra khi cac bien bang nhau. 
Neu cac bat dang thuc can chung minh khong cdn tinh chat doi xung giita cac bien 
nua thi chac rang dau bang khong the xay ra khi cac bien bang nhau. Khi do cac 
bat dang thuc cdn chung minh se hay hom va kho hom nhieu so vai truang hap dau 
bang xay ra khi cac bien bang nhau. Vay cac bat dang thuc a dang nay xay ra dau 
bang khi nao va lam the nao de tim duac dau bang xay ra ? De lam rd van de nay 
thi ta xet cac bai todn tong quat sau day. 

2. Bai toan tong quat 2. 

Cho cac so thuc a,b,c&D thda man 

mg(a ) + ng(b) + pg(c) > (<)£ v&i so thuc a,b,c<=D. 
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Chung minh rang: 

f(a) + f(b) + f(c)>{<)ak. 

De giai bai toan nay ta can bieu dien f(a),f(b),f(c) qua 
mg{a),ng{a), pg{c) nen ta xet ham so h(t) = f(t) + aj3g(t),\/teD , f3 e{m,n,p }. 
So a duac xac dinh sao cho ham so h(t) dat cue tieu (hoac cue dai) tai 

t n =\a,b,c\ thi h'Ct ) = 0 vasuyra a = — ^ ^ . 

0 1 1 [ _ mo 

Khi do dau bang cua bat dang thuc xay ra khi cac bien thda man he phuong 

trinh 

f mg(a) + ng(b) + pg(c ) = k 
f\a) _ f\b) _ f\c ) 

{mg\a) ng\b) pg\c) 

Giai he phuong trinh nay ta se tim duac gia tri cua cac bien a, b, c tic do ta biet 
duac dang thuc xay ra khi nao. 

Vi du 3. Cho a,b,c > 0 va a + 4b + 9c = 1. Chung minh rang 

a 3 +b 3 +c 3 . 

1296 

Nhqn xet. Tic gia thiet ta thay a,b,c G (0;l) va BDT can chung minh co dang 
Cho cac so thuc a,b,c>0 thda man g(a) + 4g(b) + 9g(c) = 1. Chung minh rang 

f(a)+m+m>-T-. 

1296 

Trong do f(t) = t 3 ,t e (0;l) va g(t) = t. Khi do dau bang cua bat dang thuc xay ra 
khi a,b,c thda man he phuong trinh 

\a + 4b + 9c = \ 

3^ = 36^ = 3c^ 
l 1 ” 4 " 9 

Taco a = — — . Vay ta co loi giai nhu sau. 

mo 432 


36 

b = — 
18 


12 


Loi giai: 
Xet ham so: 
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y = t 3 - Bt voi t e(0;l). 

432 ^ 


Ta co 


Bang bien thien 


y = 0«>3t 


_JL = 0 « ; = # 


432 


36 



J?L 

' 23328 

vai t e (0;1);/? e {l;4;9}. 
Tu' do suy ra: 


<>,•>-" r- & 


432 


23328 


432 23328 


a >- 


432 23328 


b 3 >-b~- 


432 23328 

3 9 27 

c >- c — 


432 23328 

vai a,b,cG (0;1). 

Cong ve theo ve 3 bat dang there nay lai vai nhau ta co 

a 3 + b 3 +c 3 >-^—(a + 4b + 9c) -—— = —-—. 

432 v ' 23328 1296 

Dau bang xay ra khi a = — ,b = — ,c = — .Vaytaco dieu phai chung minh. 
36 18 12 


4 208 

Vi du 4. Cho a,b,c >0 va a + b + —c = . Chung minh rang 
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1 208 I 

0;-^- \va BDT can chung mink a tren co 

dang: Cho cac so thuc a,b,c>0 thoa man g{a) + g(b) + ^-g(c) = Chung 

minh rang: f(a) + f ( b ) + /(c) < 7. 

208 


Trong do /(f) = v3f + 2,fe^0;-^-J va g(t) = t. Khi do dau bang cua bat dang 
thuc xay ra khi a,b,c thoa man he phucmg trinh 


7 4 208 

a+b+—c= - 

9 27 


y](3a + 2) 2 ^j(3b + 2) 2 4^/(3c + 2) 2 


a = 2 
b = 2 

c = — 


Ta co a = — ^ ^ Vay ta co lai giai nhu sau. 

fig%) 4 ^ 


Lfri giai: 
Xet ham so: 


Ta co 


Bang bien thien 


t 

0 (8-2 p4p)/ip4p 208/27 

y’ 

+ 0 - 

y 

8 + /?# 

V 9 27 


Dira vao bang bien thien ta co 

6y[f3 4 6 V/ 4 6y[fi 




y = /(0 = ^ + 2 -^ e | 0 ;— 


208 


/ = 0o , 1 - —= 0<=>< = . 

t](3t + 2f 4 
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3 


112 ■ 
voi t g (0;-);/? e <{ 1;1;— \ . Tu do suy ra: 


3 

J3ci + 2 < —u h— \ 
4 2 



\j3c + 2 <—c + — 
9 27 


vai a,b,ce \ 0; 


208 
’ 27 


Cong ve theo ve 3 bat dang thu’c nay lai vai nhau ta co 



Dau bang xay ra khi a = 2,b = 3,c = —. Vay ta co dieu phai chu’ng minh. 


3. Bai toan tong quat 3. Cho cac so thuc a,b,c&D thoa man 

g(a) + g(b ) + g(c ) > (<)£ vai so thuc a,b,c<=D. 

Chung minh rang 

mf {a) + nf (b) + pf (c) > (<)ak. 

Be giai bai todn nay ta can bieu dien mf(a),nf(b),pf(c) qua 
g(a),g(a),g(c) nen ta xet ham so h(t) = fif(t) + ag(t),\/t gD , {3 e{m,n,p]. So 
a ducrc xac dinh sao cho ham so h(t) dat cue tieu (hoac cue dai) tai t 0 = {a,b,c} 

thi h'(t 0 ) = 0 va suy ra a = xhi do dau bang cua bat dang thuc xay ra 

g'(0 

khi cac bien thoa man he phuomg trinh 

\g(a) + g(b) + g(c) = k 
\ mf\d) _ nf'jb) _ pf\c ) 

[ g\a) g\b ) g\c) 

Giai he phucmg trinh nay ta se tim duoc a, b, c tie do ta biet ducrc dang thuc xay ra 
khi nao. 


Vi du 5. Cho a,b,c >0 va a + b + c = l. Chung minh rang 
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a 3 + 46 3 + 9c 3 > . 

121 


Nhan xet. Tie gia thiet ta thay a,b,c G (0;l)vd BDT can chung mink a tren co 
dang: Cho cac so thuc a,b,c>0 thda man g(a) + g{b) + g(c) =L Chung minh 


rang: /(/) + 4/(6) + 9/(c) > 

Trong do f(t) = t 3 ,t g (0;l) va g(t ) = t. Khi do dau bang cua bat dang thuc xay ra 
khi a,b,c thda man he phuomg trlnh 


ia + b + c = 1 
3/ _126^_27c^ 

IT " i " i 



Taco a = -PjLShl. = p^y ^ C( 5 /^- ^di n fr u sau 

g\ to) 121 ^ 


Loi giai: 
Xet ham so: 


Ta co 


^ 3 108 /niN 

v = Bt - 1 voi t g (0;1). 

121 


y=o <=> 3/?/ - 108 =o <^ /=—; 

121 Uyf/3 


Bang bien thien 



^ 4JZ „ 3 IUo 

J ^-7=- <=> fit - 

\331y[j3 121 

voi t g (0;1); fd g {l;4;9}. Tu do 


suy ra: 


432 _ 3 ^108 

- j= <=> BT > - 1 - 

\33\4p 


" 121 


432 

1331,//? 
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3 108 

a > - a - 

121 

4b >- b ■ 

121 


9c 3 > 


108 

-c 

121 


432 
1331’ 
216 _ 
1331’ 
144 
1331 


voi a,b,cG (0;1). 

Cong ve theo ve 3 bat dang thuc nay lai vai nhau ta co : 

3 a Z-3 n 3 108, , x 792 

a +4 b +9c > - (a + b + c) - 

1 91 v ’ 1991 


36 

12l' 


Dau bang xay ra khi <2 = ^-,6 = ^-,c = ^-. Vay ta co dieu phai chung minh. 


Vi du 6. Chung minh rang voi moi tam giac ABC ta deu co 
sin A + sin B + \f6 sinC < -. 


(HSG Thai Nguyen 2012) 


Nhan xet. 

Vi A, B, C la 3 goc cua tam giac nen ta co A + B + C = 7r va 
A,B,C £ (0;7r). Do do BDT can chung minh co dang: Cho cac so thuc A,B,C> 0 
thoa man g(A) + g(B) + g(C) = n. Chung minh rang: 

/(^) + /(S) + V6/(C)<^. 

4 

Trong do f (t) = sin t,t e (0;/r) va g(t) = t. Khi do dau bang cua bat dang thuc xay 
ra khi a,b,c thoa man hephuong trinh 


fA + B + C — 7T 
[cos^l = cos# = V6cosC 


A = arccos— 

4 

B = arccos— 

4 

C = ji- 2arccos^- 
4 


Ta co a = 1 = y^y ta co lai giai nhu sau. 

g\Q 4 


Loi giai: 
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Xet ham so 


Ta co 


Bang bien thien 


y = j3sint-^-t voi t e(0;;r). 


v' = 0 /teost - — = 0 t = arccos—. 
y 4 4 J3 



-6 V6 V6 >/6 ^16/3 -6 >/6 V6 

y<--arccos-<=> psin? <-£ + --arccos— 

44 4 4 44 4 

voi f e(0;;r);/? e jl;l;V6j. Tudo suyra: 

. M S S 

sin A-^ - A + -arccos—; 

4 4 4 4 

sin B < —5 h -arccos—; 

4 4 4 4 

[7 ■ „ . ^6 „ 3VTo -J6 1 

VosinC <- C + -arccos— 

4 4 4 4 

voi A,B,C g (0;;r). 

Cong ve theo ve 3 bat dang there nay lai voi nhau ta co 
sin^4+sing+V6 sin +—(A + B+C) -—(arccos—+arccos—+arccos - 

/i /i v 7 /i I /i /i /i 


4 4 v ' 4 ^ 4 4 

<^>sin^+sin5+V6sinC<^^^+^-(y4+5+C)-^-(^+5+C)=^^- 
sin ^4 + sin B + V6 sin C < 

4 

Dau bang xay ra khi 
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a Vb "s/6 n 0 V6 

A = arccos—; B = arccos—; C = n - 2 arccos—. 

4 4 4 


S 

s—; 

4 

Vay ta co dieu phai chung minh 

Vi du 7. Cho a,b,c >0 ya a+b + c = 3. Chung minh rang 

a b c 7 

- 1 - 1 -> —. 

b + c c + a 4 (a + b) 8 

Nhan xet. Bien doi BBT da cho ve dang 

n b r 1 

- +-+ 


3 -a 3 -b 4(3 - c) 8 

Tie gia thiet ta thay a,b,c G (0;3) va BBT can chung minh & tren co dang: 

Cho cac so thuc a,b,c>0 thda man g(a) + g(b ) + g(c) = 3. Chung minh rang: 

/(*) + /(&)+ i/(c)>|. 

Trong do f (t) = — ,t e (0;3) va g(t ) = t. Khi do dau bang cua bat dang thuc xay 
ra khi a,b,c thda man hephuomg trinh 

[a + b + c = 3 

\ 3 3 3 


[(3-«) 2 (3-6) 2 4(3-c) 2 

Taco a = ^ =-—. Vay ta co lai giai nhu sau. 

g'(0 48 ^ 


3 

a = — 
5 


Loi giai: 
Xet ham so 


Ta co 


Bang bien thien 


y = = 0;3). 

3 -t 48 V ’ 


, n 3y? 25 A 15-12J/3 

y' = 0o , ^ -= 

7 (3-0 48 


5 
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40#-16/?-25 _ /ft 25^ 40^-16/?-25 ^ /ft > 25 f ( 40^-16/?-25 
y 16 3-? 48 16 3 -t 48 16 

voi t g (0;3 );J3 g |l;l; -^-| . 

Tir do suy ra: 

_a_> 25 
3-a _ 48^ 16’ 

3-6 48 16 

c 25 9 

—7-- >—a - 

4(3-c) 48 16 


vai a,b,cG (0;3). 

Cong ve theo ve 3 bat dang there nay lai voi nhau ta co: 

b c 25/ , x 11 

48 V ’ ^ 


3-a + 3-b + 4(3-c)" 


16 


->z. 


b + c c + a 4 (a + b) 8 


7 

8 


3 3 9 

Dau bang xay ra khi a = —,6 = —,c = —.Vayta co dieu phai chung minh. 


4. Bai toan tong quat 4. Cho cac so thuc a,b,c&D thoa man 

mg(a ) + ng(b) + pg{c ) > (<)£ voi so thuc a,b,c<=D. 

Chung minh rang 

m'f(a ) + «'/(&) + p'f(c) > ( <)ak. 

Be giai bai todn nay ta can bieu dien m' f(a), n ' f(b),p ' f(c) qua 
mg(a),ng(b),pg(c ) nen ta xet ham so h(t) = j3f(t) + ayg(t),\/t(=D 
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, (3 G {m \ n 7 g{w, n,p]. So a ducrc xac dinh sao cho ham so h(t ) dat cue 
tieu (hoac cue dai) tai t 0 ={a,b,c\ thi h'(t 0 ) = 0 va suy ra a = ^ . 

r g '( t°) 

Khi do dau bang cua bat dang thuc xay ra khi cac bien thoa man he phucrng trinh 
f mg (a) + ng(b) + pg{c ) = k 
| rn'f'(a) _ n'f'jb) _ p'f'jc ) 

[ mg\a) ng\b) pg\c) 

Giai he phuomg trinh nay ta se tim ducrc gia tri cua cac bien a, b, c tic do ta biet 
ducrc dang thuc xay ra khi nao. 

Vi du 8 . Cho a,b,c >0 va a + 4b + 9c = 1. Chung minh rang 

u 3 + 256 3 +36c 3 >-^-. 

5041 


Nhan xet. Tic gia thiet ta thay a,b,c G (0;l) va BDT can chung minh co dang: 

Cho cac so thuc a,b,c>0 thoa man g(a) + 4g(b) + 9g(c) = 1. Chung minh rang: 

f( a ) + 25/ (b) + 36/(c) > ■ 

Trong do f(t) = t 3 ,t e (0;l) va g(t) = t. Khi do dau bang cua bat dang thuc xay ra 
khi a,b,c thoa man he phucrng trinh 

f a + 4b + 9 c = 1 
| 3 a 2 _ 15b 2 _ 108c 2 <=> 
i 1 ” 4 9 


10 

G ~ 1 \ 

b = — 
71 


71 


Taco a = -^- 77 ^- = -^rrr-. V&y ta co leri giai nhu sau. 


rg\t 0 ) 5041 


LM giai: 
Xet ham so 


Ta co 


Bang bien thien 


v = Bf - t voi t e(0;l). 
5041 


. . , _ 2 300 y _ 10 r 

y =0 <=> 3/?r-- = 0 <^t = — —. 

5041 71 
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^ 2000 v o 3 300 v ^ 2000 f 

y> - d—^pt 3 - r - t > -p— <“>/ 

357911 y P 5041 357911 \ P 

vai t g (0;1 );p g {l;25;36},/ g {l;4;9}. 

Tu' do suy ra: 


k- 

5041 357911y p 


s 300 y 2000 


> 300 

2000 

5041 ^ 

357911’ 

> 1200 

3200 

_ 504i a 

357911 s 

> 2700 

9000 

“ 5041 a 

357911 


vai a,b,c& ( 0 ; 1 ). 

Cong ve theo ve 3 bat dang thuc nay lai vai nhau ta co 

3 0^3 3 ^ 300 / , 14200 100 

a + 25b + 3 6c > - (a + 4b + 9c) -=- 

5041 v ’ 357911 5041 

<^>a 3 + 25b 3 + 26c 3 >^- 
5041 

Dau bang xay ra khi a = ^,b = . Vay ta co dieu phai chung minh. 


Vi du 9. Cho a,b,c> 0 va 2a + 3b + Ac = 1. Chung minh rang 
2V2 a + 1 + 3\l2b + 1 + 4 V 2c + 1 < 10. 

(HSG Ninh Thuan 2012) 

Nhan xet. Tie gia thiet ta thay a,b,c G (0;l) va BDT can chung minh co dang: 

Cho cac so thuc a,b,c>0 thda man 2g{a) + 3 g(b) + 4g(c) = 1. Chung minh rang: 
2/(a) + 3/(6) + 4/(c) < 1 0. 

Trong do f (t) = y/2t + l,t e (0;l) va g(t) = t. Khi do dau bang cua bat dang thuc 
xay ra khi a,b,c thda man he phucmg trinh 
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2a + 2b + Ac = \ 

V2a +1 = V26 +1 = 42c +1 


1 

a = — 
9 

6 = 1 


1 

C — — 

9 


Ta co a = _ VV_(0 = —Fav ta co lai giai nhu sau. 

rg\t 0 ) Vn 

LM giai: 

Xet ham so 


Ta co 


Bang bien thien 


3/? 


y = j3yl2t + \—p? voi £ e(0;l). 

Vi 1 

y 1 = 0 <=> . ^ -^ = Qo, = l. 

V27+T VTT 9 



33 VH 33 Vll 33 

voi t e (0;1);/? e {2;3;4}. 

Tu’ do suy ra: 

„ /=—7 6 20VTT 

2\]2a +1 < — j^=ci H-j 

VTT 33 

6 + ^I; 

vn 33 

„ h —7/ 12 4oVn 

4v2c +1 < —j=c +- 

Vll 33 
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voi a,b,c&( 0;1). 

Cong ve theo ve 3 bat dang thuc nay lai vai nhau ta co 


90Vn 


2j2a + l+3yl2b + l + 4j2c + l<^=(2a + 3b + 4c) + 

_ VT T ' 33 

<^>2^j2a + \+3^2b + \+4yj2c + \<\0 
Vay ta co dieu phai chung minh. 

Vi du 10. Cho a,b,c >0 va 2 a + b + c = 6. Chung minh rang 

11/, x 1 1 h 29 

a + —(b + c) + — + - + -> —. 

8 V ’ a b c 4 


= 3VU<10. 


Nhan xet. Tic gia thiet ta thay a,b,c G (0;6) va BBT can chicng minh co dang: 

Cho cac so thuc a,b,c>0 thda man 2g(a) + g(b ) + g(c) = 6. Chung minh rang: 

29 

f(a) + f(b) + f(c)>—. 

Trong do f(t) = fit + -,t e (0;6) va g(t) = t. Khi do dau bang cua bat dang thuc 

xay ra khi a,b,c thda man he phucmg trinh 
f 2 a + b + c = 6 



Taco a = ^ Vay ta co lai giai nhu sau. 

g'(to) 8 

LM giai: 

Xet ham so 


y = f(t) = Pt + - t ~t,te( 0 ; 6 ). 


Ta co 


Bang bien thien 


3 y 1 

y' = 0o P~ — - — = 0ot = 
8 t 


W-3 r 
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t 

0 


sls/yl$p-3r 

6 

y ’ 


— 

0 

+ 

y 

+00 


"*■ r Z 

IIP-21 y+ 2 

z 12 


Dua vao bang bien thien ta co 


>sfi-3r^ i>3r i+ /M -3r 

2 H t 8 V 2 t 8 


(e(0;6);ySe|l;y;y| ;r e{2;l;l}. 


vai 

Tu’ do suy ra: 

1 6 t 
« + — >—a + 1; 
a 8 

11, 1 3, „ 

—b + ->-b + 2; 

8 b 8 

11 U 3 o 
—c + — > —c + 2 
8 c 8 

vai a,b,cG( 0;6). 

Cong ve theo ve 3 bat dang there nay lai vai nhau ta co 
11,, x 1 1 13,' , x _ 29 

8 V ’ a b c 8 V ’ 4 

11,, x 1 1 1 29 

oa + —(b + c)+ - + - + -> —. 

8 V ’ a b c 4 

Dau bang xay ra khi a = 2,b = l,c = l. Vay ta co dieu phai chung minh. 


Vi du 11. Cho x,y,z> 0 va xyz = 1. Chung minh rang 

/ , = fx + —1 + f 20y + —1 + fz + —1>15. 


r > r ■? y Z 

Nhan xet. Gia su dau bang cua bat dang thuc xay ra khi x = — = — thi ta co 

m n 

xyz = 1 <^> 1 = ijxyz «> 3 = 3 yfrnnjx—— < yjnm \ x + — + — j o 2— < x + 

V m n v m n) Zjmn 

Khi do BBT can chung minh co dang: 


s N 
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Cho cac so thuc x,y,z> 0 thoa man g(x ) + . Chung minh 

m n IJmn 

rang: /(x) + f(y ) + /(z) >15. 

Trong do f(t) = fit + — ,t e (0;+oo) vd g(t ) = t. Khi do dau bang cua bat dang thuc 
xay ra khi a,b,c thoa man he phucmg trinh 

y z t f i 

x = - = -;xyz = 1 m = -;« = l 

m n 8 

Taco a = - ^ ^ Fay ta co lai giai nhu sau. 

g\t 0 ) * 

Led giai: 

Ta co 

xyz = 1 <=> 1 = tjxyz <=>3 = Jx.Sy.z <-^-(x + 8y , + z)<=>6<x + 8y + z 
Xet ham so 

y = f(t) = J3t+ ^~~t,t^(0;+co);j3 e{l;20;l};f g{ 2;1;2}; Ae{l;8;l}. 

Ta co 

y = 0<»Jy?-yj--y = 0«>£ = 

Bang bien thien _ 


t 

0 


sily/pp-X 


+00 

y’ 


— 

0 

+ 


y 

+00 


yj4j3y-2Ay 

-- 

+0 ° 


Dira vao bang bien thien ta co 
y > ^4ffy-2/ly o/3t+^>^t+^4ffy-2Ay 

voi te(0;+oo);/?e{l;20;l};;Ke-(2;l;2};/le{l;8;l}. 
Tir do suy ra: 
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-> —+ 2 ; 
; 2 


20 y + — > 4y + 8; 

y 

z +->-+2 
z 2 

vai x,y,z> 0. 

Cong ve theo ve 3 bat dang thuc nay lai vai nhau ta co 

P = ^x + — j + ^20 y + — j + ^z + — j > ^-(x + 8y + z) +12 > 15 


Dau bang xay ra khi x = 2;y = —;z = 2. Vay ta co dieu phai chu’ng minh. 


Nhan xet. Qua cac vz du da neu & tren ta nhan thay rang viec di tim cac gia tri cua 
cac bien de dau bang cua bat dang thuc xay ra bang phuomg phap ham so la rat 
dan gian, de hieu va hieu qua hem nhieu so vai cac phuang phap da biet. Ngoai ra 
thong qua phuang phap chung ta cung co the sang tao ra rat nhieu cac bai todn 
chung minh bat dang thuc bang each thay doi cac he so trong dieu kien cua bat 
dang thuc hoac trong chinh ban than cac bat dang thuc co san va cac bai todn 
chung minh bat dang thuc ducrc tao ra se kho hem, hay hem nhieu bat dang thuc 
ban dau. 


5. Bai tap luyen tap 

Bai 1. Cho a,b,c> 0 va 15 a + l/5b + Zj3c = 3 . Tim gia tri Ion nhat cua 

D 1 1 1 

P = ~+ — + — . 
a c 5 

("Olympic 30-4 Ca Mau 2012) 

Bai 2. Cho x,y,z la 3 so thoa x + y + z = 1 . Chung minh rang: 

V3 + 4^ + >/3 + 4^ + >/5 + 4 7 > 7 

Bai 3. Cho a,b,c E R vaa + & + 3c = 10. Chung minh rang 
a A +b A +c A >2(a 3 +Z? 3 + c 3 ). 


3 

Bai 4. Cho a,b,c> —— va a + b + c — 4 . Chung minh rang 

3a b c ^ 12 

a 2 +1 b 2 + 1 c 2 + 1 — 5 
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Bai 5. Cho a,b,c> 0 va 2 a + 2b + 3c = 15. Chung minh rang 
3 yfa + 2 Jb +4c>ab + bc + ca. 


Bai 6. Cho a,b,c,d > 0 va a + b + 2c + 3 d = 4. Chung minh rang 

6 (u 3 + b 3 + c 3 + d 3 ) > a 2 + b 2 + c 2 + d 2 + —. 
v 18 

Bai 7. Cho cac so thuc duong a,b,c va a + Z> + c = 4. Chung minh rang 

1 1 16 ^ 2 I2 2 

— + — + — >a+b 2 +c\ 
a" b c 

Bai 8. Cho x,y,z> 0 va x + y + z < 4. Chung minh rang 


^ 2+ 7 + i /+ 7 + f 2+ f- 5 ^- 


Bai 9. Cho a,b,c> 0 va a 2 + 2 b 2 + 5c 2 = 11. Chung minh rang 

16 9 4 / , . 

- + - + --(« + Z> + c)> 17. 
a b c 


Bai 10. Cho a,b,c> 0 va a 2 + b 2 + c 2 = 6. Chung minh rang 
g 6 2c > 12 

Z) -|- c ci c a b 5 

Bai 11. Cho a, b, c > 0. Tim gia tri nho nhat cua bieu thuc 
p_ a +3c + 4b 8 c 

a + 2b + c a + b + 2c a + b + 3c 

(HSG Kien Giang 2014) 

Bai 12. Cho ba so thuc x,y,z G [l; 4] va thoa man x > y,x > z . Hay tim gia tri 
nho nhat cua bieu thuc 

P = + —+ —• 

2x + 3y y + z z + x 

(Di thi Dai hoc Khdi A 2011) 

Bai 13. Xet cac so thuc duong a, b , c thoa man abc + a + c = b . Tim gia tri Ion 
nhat cua bieu thuc 
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P = ~.;-x-+ 

a +1 b +1 c +1 

(Dl thi HSG THPT toan quoc bang A 1999) 

Bai 14. Xet cac so thuc dircmg a,b,c thoa man 21 ab + 2 be + 8ac < 12. Tim gia tri 
nho nhat cua bieu thu’c 

P(a,b,c) = - + - + -. 

V ’ a b c 

(D4 thi chon DTQG 2001) 





